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Abstract
The study of sharply flag-transitive projective planes leads to a particular case of the class of
power residue difference sets. In this paper we are concerned with the existence of such difference
sets, which means that we ask for conditions whether the set of d-powers or the set of d-powers
together with the zero element in a finite field yields a difference set. By using Jacobi sums we prove
that d is in fact a power of 2. As a corollary we obtain the result that the order of a finite sharply
flag-transitive projective plane is a power of 2.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we solve an old problem about finite projective planes admitting a flag-
transitive group of automorphisms. It is known (compare for instance [8] and [9]) that
a flag-transitive projective plane is either of prime power order or admits a sharply flag-
transitive group of automorphisms. In the latter case we infer from [8] that the plane has
even order n and that the number
v = n2 + n + 1
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664 U. Ott / Journal of Algebra 276 (2004) 663–673of points is a prime. Moreover, the sharply flag-transitive group can be regarded as the
group of all transformations of the form
x → ax + b
of the prime field Fv with
b ∈ Fv and an+1 = 1.
It is an easy exercise to show that the subgroup
U = {a ∈ Fv | an+1 = 1}= {xn | 0 = x ∈ Fv} Fv \ {0}
is a difference set for the additive group of the prime field (see also [11]). This is a particular
case of the class of power residue difference sets, which we present now.
We begin with the definition of a difference set, see also [5]:
Definition 1. A subset ∆ of a finite abelian group G is said to be a difference set of
G if for some fixed natural number λ, every nonzero element g of G admits exactly λ
representations of the form
g = x − y
with x, y ∈ ∆.
In our present situation, the difference set is an appropriate subgroup of the multiplica-
tive group of a finite field. Thus let Fq be a finite field with q elements and assume that
1 < d < q − 1 divides q − 1. The problem is whether the subgroup
Ud =
{
xd | 0 = x ∈ Fq
}
of Fq \ {0} is a difference set for the additive group of Fq . We speak of this as a power
residue difference set of order d in Fq . There are many results on power residue difference
sets. See the section on Cyclotomy and Difference Sets in [5] and the chapter on Difference
Sets in [16]. For instance it is known that d needs to be an even number,
d ≡ 0 (mod 2),
which follows easily from the fact that a power residue difference set cannot have −1 as a
multiplier, compare Theorem 13.3 in [5]. Furthermore, one studies the possibility that the
extended subgroup
U◦d = Ud ∪ {0}
yields a difference set. We call this also a power residue difference set of order d . Again
the integer d needs to be an even number in order to get such a difference set. Examples of
power residue difference sets of order d are known for d = 2,4,8.
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d = 10 by [13], d = 12 by [14], d = 14 by [7], d = 16 by [3,12] and d = 18 by [1].
In this paper we prove the following theorem.
Theorem 1. Assume that Fq admits a power residue difference set of order d . Then d is a
power of 2.
As a corollary we obtain
Theorem 2. The order of a finite sharply flag-transitive projective plane is a power of 2.
We remark that it is an easy exercise of algebraic number theory to show then that the
order n of a sharply flag-transitive projective plane is in fact of the form n = 23a for a
suitable integer a  0. Moreover, one could use a result of Feit [4] in order to obtain that
the order of a finite sharply flag-transitive projective plane is either 2 or 8, and then it
would be clear that a flag-transitive projective plane is Desarguesian (see [11]). But the
author thanks the referee for his advice to publish without this consequence.
On the other hand, it is still an open problem whether there are power residue difference
sets of order d = 2t with t  4.
It seems appropriate to conclude the introduction with the known examples of power
residue difference sets due to Paley [10] , Chowla [2] and Lehmer [6]. By using the basic
equations of the following section one obtains (compare [15]):
Theorem 3 [10]. Let Fq be a field. Assume that q ≡ 3 ≡ −1 (mod 4). Then U2 and U◦2 are
difference sets.
Theorem 4 (compare [2,6]). Let Fq be a field.
Assume that q ≡ 5 (mod 16). Then U4 is a difference set if and only if q is a prime and
q − 1 is a square.
Assume that q ≡ −3 (mod 16). Then U◦4 is a difference set if and only if q is a prime
and q − 9 is a square.
Theorem 5 (compare [6]). Let Fq be a field.
Assume that q ≡ 9 (mod 64). Then U8 is a difference set if and only if q is a prime and
the integers (q − 1)/2 and q − 9 are squares.
Assume that q ≡ −7 (mod 64). Then U◦8 is a difference set if and only if q is a prime
and the integers (q − 49)/2 and q − 441 are squares.
2. The basic equations
Almost all research on power residue difference sets rests on cyclotomic numbers or
Gauss and Jacobi sums. See also Chapter 5 in [16]. We are going to use Jacobi sums
defined over Fq .
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case that U is a difference set. The same argument, namely
−1 /∈ U, (1)
yields the conclusion also in the case that the extended subgroup is a difference set.
Thus let 1 < d < q − 1 be an even divisor of q − 1 and assume that the subgroup of
d-powers
U = {xd | x ∈ Fq}
or the extended subgroup
U◦ = U ∪ {0}
yields a difference set. Then we obtain a design with the parameters
v = q, k = q − 1
d
and λ = k(k − 1)
v − 1 =
q − 1 − d
d2
or
ve = q, ke = q − 1 + d
d
and λe = ke(ke − 1)
ve − 1 =
q − 1 + d
d2
.
Especially, we have that
q ≡ 1 + d (modd2) if U is a difference set,
q ≡ 1 − d (modd2) if U◦ is a difference set.
It turns out that
|U | = q − 1
d
≡ ±1 (modd). (2)
As a direct consequence, it follows that U admits a complement. Thus
F

q = U × V (3)
with
|U | = q − 1
d
and |V | = d.
Since d is an even number, we conclude that
−1 ∈ V. (4)
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V = Fq/U
and let ψ be a generator ofH, so that
ψ(x) = 1 ⇔ x ∈ U ⇔ x = yd for a suitable y ∈ Fq.
The following arguments are standard. For u ∈ Fq let M(u) denote the number of solutions
of the equation
u = xd.
Since q − 1 ≡ 0 (modd) we get
M(u) =
{1 for u = 0,
0 for u /∈ U and for u = 0,
d for u ∈ U.
On the other hand, one has
∑
χ∈H
χ(u) =
d−1∑
i=0
ψi(u) =
{
0 for u /∈ U,
d for u ∈ U, and u = 0,
hence
M(u) =
∑
χ∈H
χ(u) =
d−1∑
i=0
ψi(u), u = 0. (5)
Studying difference sets we need to know the number λ(a) or λe(a) of representations of
an element a = 0 of Fq as a difference
a = u1 − u2
of two elements of U or U◦ respectively. Writing N(a) for the number of solutions of
a = xd − yd with x, y = 0 for a = 0
and Ne(a) for the number of solutions of
a = xd − yd with (x, y) = (0,0) for a = 0
we conclude at once that
N(a) = d2λ(a)
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Ne(a) =
{
d2λe(a) if a,−a /∈ U,
d2(λe(a)− 1) + d if a ∈ U ∪ (−U).
Moreover, since N(a) and Ne(a) are constant on cosets of U we need to study the function
N(a) and Ne(a) only for a ∈ V . But then by definition we obtain the following results.
Lemma 1. Assume that q ≡ 1 + d (modd2). Then the subgroup U of Fq is a difference set
if and only if N(a) is constant for a ∈ V . Furthermore, in the case of a difference set we
have
N(a) = q − 1 − d.
Lemma 2. Assume that q ≡ 1 − d (modd2). Then the extended subgroup U◦ of Fq is a
difference set if and only if
Ne(a) =
{
q − 1 + d if a = ±1,
q − (d − 1)2 if a = ±1, a ∈ V.
Equation (5) yields now the relation
N(a) =
∑
xy =0, a=x−y
M(x)M(y) =
∑
y =0,−a
M(a + y)M(y)
=
∑
y =0,−a
∑
χ,τ∈H
χ(a + y)τ(y) =
∑
y =0,−a
∑
χ,τ∈H
χ(a)τ (a)χ
(
1 + y
a
)
τ
(
y
a
)
=
∑
r =0,1
∑
χ,τ∈H
χ(a)τ (−a)χ(1 − r)τ (r).
Introducing the Jacobi sum
J (χ, τ ) =
∑
r =0,1
χ(1 − r)τ (r),
we can rewrite the last equation as
N(a) =
∑
χ,τ∈H
χ(a)τ (−a)J (χ, τ ). (6)
With the help of the well-known relations
J (1,1) = q − 2,
J (χ,1) = −1 for χ = 1,
J (χ,χ) = −χ(−1) for χ = 1,
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N(a) = q − 2 +
∑
χ =1
χ(a)J (χ,1)+
∑
τ =1
τ (−a)J (1, τ )
+
∑
χ =1
χ(a)χ(−a)J (χ,χ)+ ∑
χ,τ, χτ =1
χ(a)τ (−a)J (χ, τ ).
Setting
δ(a) =
{
1 for a ∈ U,
0 for a /∈ U,
we get
N(a) = q − 2 − (dδ(a)− 1)− (dδ(−a)− 1)− (d − 1)
+
∑
χ,τ,χτ =1
χ(a)τ (−a)J (χ, τ )
= q + 1 − d(δ(a)+ δ(−a) + 1)+ ∑
χ,τ, χτ =1
χ(a)τ (−a)J (χ, τ ). (7)
Essentially, there are two different types of equations:
Lemma 3. Assume that q ≡ 1 + d (modd2). Then U is a difference set if and only if the
following equations are satisfied:
d − 2 =
∑
χ,τ, χτ =1
τ (−1)J (χ, τ ),
−2 =
∑
χ,τ, χτ =1
χ(a)τ (−a)J (χ, τ ) for ad = 1, a = ±1.
Thus the basic equations for the existence of a power residue difference set of order d
in Fq are
d − 2 =
∑
1s,t<d, s+t =d
(−1)tJ (ψs,ψt ), (8)
−2 =
∑
1s,t<d, s+t =d
ψ(a)s+t (−1)tJ (ψs,ψt ) for ad = 1, a = ±1 (9)
if we are looking at the case that 0 is not in the difference set.
Similarly, we obtain the equation
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∑
(x,y) =(0,0), a=x−y
M(x)M(y)
=
∑
y =0,−a
M(a + y)M(y)+ M(a)+ M(−a)
=
∑
y =0,−a
∑
χ,τ∈H
χ(a + y)τ(y)+ M(a)+ M(−a)
=
∑
y =0,−a
∑
χ,τ∈H
χ(a)τ (a)χ
(
1 + y
a
)
τ
(
y
a
)
+M(a) +M(−a)
=
∑
r =0,1
∑
χ,τ∈H
χ(a)τ (−a)χ(1 − r)τ (r) + M(a)+ M(−a).
Using again Jacobi sums we can rewrite the last equation as
Ne(a) =
∑
χ,τ∈H
χ(a)τ (−a)J (χ, τ ) + M(a)+ M(−a). (10)
We conclude that
Ne(a) = q − 2 −
(
dδ(a) − 1)− (dδ(−a)− 1) − (d − 1)
+
∑
χ,τ, χτ =1
χ(a)τ (−a)J (χ, τ ) + M(a)+ M(−a)
= q + 1 − d(δ(a) + δ(−a)+ 1)
+
∑
χ,τ, χτ =1
χ(a)τ (−a)J (χ, τ ) + d(δ(a)+ δ(−a))
= q + 1 − d +
∑
χ,τ, χτ =1
χ(a)τ (−a)J (χ, τ ). (11)
Again, there are two different types of equations:
Lemma 4. Assume that q ≡ 1 − d (modd2). Then U◦ is a difference set if and only if the
following equations are satisfied:
−(d − 1)(d − 2) =
∑
χ,τ, χτ =1
τ (−1)J (χ, τ ),
2(d − 1) =
∑
χ,τ, χτ =1
χ(a)τ (−a)J (χ, τ ) for ad = 1, a = ±1.
Thus the basic equations for the existence of a power residue difference set of order d
in Fq are
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∑
1s,t<d, s+t =d
(−1)tJ (ψs,ψt ), (12)
2(d − 1) =
∑
1s,t<d, s+t =d
ψ(a)s+t (−1)tJ (ψs,ψt ) (13)
for ad = 1, a = ±1
in the extended case.
3. The proof of the theorem
We now present the proof of the main theorem. By the way of contradiction, assume
that d ≡ 0 (mod 2) is not a power of 2. Then there is a prime divisor p = 2 of d .
Let ω = 1 be a pth root of unity and choose a ∈ V such that
ψ(a) = ω.
From the basic equations we obtain for ai = ±1, 1 i  p − 1:
−2 + 2dε =
∑
1s,t<d, s+t =d
ωi(s+t )(−1)tJ (ψs,ψt )
=
∑
1s,t<d, p(s+t )
ωi(s+t )(−1)tJ (ψs,ψt )
+
∑
1s,t<d, p|s+t =d
ωi(s+t )(−1)tJ (ψs,ψt )
=
∑
1s,t<d, p(s+t )
ωi(s+t )(−1)tJ (ψs,ψt )
+
∑
1s,t<d, p|s+t =d
(−1)tJ (ψs,ψt ), (14)
where ε = 0,1 depending whether we are looking at U or U◦. Multiplying with the
Legrende symbol it follows that
(−2 + 2dε)
(
i
p
)
=
∑
1s,t<d, p(s+t )
(
i
p
)(
ωs+t
)i
(−1)tJ (ψs,ψt )
+
(
i
p
) ∑
1s,t<d, p|s+t =d
(−1)tJ (ψs,ψt ). (15)
Summing Eq. (14) respectively Eq. (15) over 1 i  p − 1 it follows that
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∑
1s,t<d, p(s+t )
(−1)tJ (ψs,ψt )
+ (p − 1)
∑
1s,t<d, p|s+t =d
(−1)tJ (ψs,ψt ), (16)
0 =
∑
1s,t<d, p(s+t )
p−1∑
i=1
((
i
p
)(
ωs+t
)i)
(−1)tJ (ψs,ψt ). (17)
We know that (see for instance [17, Proposition 3.19])
(
p−1∑
i=1
(
i
p
)(
ωs+t
)i)2 = ±p
assuming s + t ≡ 0 (modp). Therefore Eq. (17) implies that
∑
1s,t<d, p(s+t )
(−1)tJ (ψs,ψt )= 0. (18)
Using Eq. (16) it follows that
∑
1s,t<d, p|s+t =d
(−1)tJ (ψs,ψt )= −2 + 2dε. (19)
Finally, adding Eqs. (18) and (19) we conclude that
∑
1s,t<d, p(s+t )
(−1)tJ (ψs,ψt )+ ∑
1s,t<d, p|s+t =d
(−1)tJ (ψs,ψt )= −2 + 2dε
which contradicts the basic Eq. (8) or (12).
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